Granular materials are characterized by large collections of discrete particles of sizes larger than one hundred microns, where the particle-particle interactions are significantly more important than the particle-fluid interactions. These flows can be successfully modeled by the classical Kinetic Theory (KT) models when they are in the dilute regime with low particle-particle collision frequencies, yielding results that agree well with the simulation results of the event-driven hard sphere model or the more sophisticated soft-sphere Discrete Element Method (DEM). However, these KT models become less accurate for granular flows with particles of finite particle stiffness and high particleparticle collision frequencies when the predicted collision interval t f , which is the time of free flight of a particle prior to its next collision, is comparable to the collision duration t c ; there is a large discrepancy between the results of these KT models and those from the DEM simulations. One of the factors of discrepancy is attributed to the inability of these KT models to consider the large amount of elastic potential energy due to particle deformation during collisions. Unlike the DEM, most of these KT models require the instantaneous collision assumption; they cannot accurately account for the part of kinetic energy that is converted to non-dissipative elastic potential energy, which could affect the overall hydrodynamic behavior of granular flows. In this work we develop a soft-sphere KT (SSKT) model that could be used to model granular systems of high collision frequencies with finite particle stiffnesses. This is achieved by including the particle stiffness effect into the particle collision frequency and considering the transfer between particle kinetic energy and elastic potential energy. The constitutive relations of the KT are modified to incorporate the ratio of collision duration to collision interval, t c /t f , a parameter that is determined by both the collision frequency and particle stiffness. We use a linear-springdashpot (LSD) collision scheme to model the elastic potential energy in the system and to uncover the relationship between the collisional terms of KT and the ratio of elastic granular temperature to kinetic granular temperature. We show that the proposed SSKT model can lead to a better agreement with the DEM simulation results. As for the granular shear flows, our modification extends the applicability of the KT to the transition regime between the elastic and inertial regimes without losing significant accuracy. The rheological crossover has been explained physically and the regime boundaries that separate the inertial regime and the elastic regime are quantitatively determined, showing a good agreement with the previous regime map that was based on the DEM simulation results. †
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Introduction
Continuum modeling of granular and gas-solid flows generally involves the use of KT models for the particle phase. Many existing KT models have been derived for dilute flows of rigid, frictionless spheres, which are the extensions of the classical kinetic theory of gases. One important difference between solid particles and gas molecules is that the kinetic energy is conserved in the elastic molecule collisions, but not conserved in the inter-particle inelastic collisions. On the other hand, the KT requires inter-particle collisions to be instantaneous, admitting of only binary collisions. This condition would require that the particles in granular systems have to be rigid with a spring constant k to be infinity. Granular particles typically have sizes much larger than one hundred microns. External fields such as gravity would have a much stronger effect on granular flows, which makes it difficult to experimentally investigate the flow behaviour. Instead, simulations that use Lagrangian method to track each individual particle are often used to verify the KT model without the drawback of including gravity or other external effects. In general, there are two Lagrangian methods depending on if particle deformation is allowed during collisions. The first one is the event-driven hard sphere (HS) method, in which the simulation time step can vary according to the collision interval and the changes of the particle velocity occur as instantaneous and discontinuous events. Multi-body contact is not allowed in the HS method and this method may diverge at a high collision frequency, resulting in the so-called inelastic collapse (McNamara & Young 1994; Luding & McNamara 1998) . The second approach is the soft-sphere Discrete Element Method (DEM). In the DEM, the collision is not an instantaneous event and it is resolved with a simulation time step that is much smaller than the collision duration. In this way, both normal and tangential interactions in the DEM could be implemented by modeling the deformations of the particles; other effects like cohesive and repulsive forces could also be added. Most importantly, the DEM allows multi-body collisions and is more effective for granular flows in the regime where frequent collisions take place.
When it comes to a granular system of practical interests, particles always have a finite stiffness. This means that the collision is a process that takes finite time to complete and the collision duration could be comparable to the collision interval at high collision frequency. Granular flows in this case can be very complex. Based on the DEM simulations of homogeneous shear flow, it was observed that granular flows could show either fluidlike behaviour or solid-like behaviour. In the early modelling work, generally two regimes are distinguished: inertial regime and elastic regime. The difference of flow behaviour in these two regimes can be attributed to the micro-scale phenomena at the particle level. In the inertial regime, the collision duration is negligible compared to the collision interval and the hydrodynamic behaviours of granular flows are mainly dominated by the rapid binary collisions. Many researchers have reported that the instantaneous binary collision assumption is still valid even for relatively dense flows if the stiffness of contacts between particles is sufficiently large (Mitarai & Nakanishi 2003 , 2005 Silbert et al. 2007 ) and flows can still be considered in the inertial regime. Despite the existence of velocity correlation for dense flows that could affect the KT predictions in some cases (Mitarai & Nakanishi 2005 , 2007 , classical KT exhibits generally good agreement with DEM simulation results. However, in the elastic flow regime, many adjacent particles are engaged in filament-like clusters which are called force chains; the sustained multiparticle contacts start to prevail. With elastic flows being dominated by enduring and multi-particle contacts, the collision duration can no longer be ignored. In the elastic regime, the stress is observed to be independent of the shear rate since the transport can occur between particles through the elastic waves travelling across the contact points at a rate which is governed by the elastic properties and not by the granular temperature (Campbell 2002) .
The transition between these regimes are observed to be smooth, which suggests that purely elastic or inertial flows are achieved only within certain limits (Chialvo et al. 2012) . Many researchers constructed regime maps to better understand the regime transition. Campbell (2002) presented his regime map based on a series of DEM homogeneous shear flow simulations including cases that are near the elastic limit. He adopted the dimensionless group k/d 3 γ 2 to help understand the rheology of the granular materials. Here, ρ is the solid particle density, d is the particle diameter, and γ is the shear rate. In general, the value of k/d 3 γ 2 reflects the ratio of the relative effects of the elastic contribution to the collisional contribution; the collisional effects dominate when k/d 3 γ 2 has a large value. As the shear rate increases, both elastic and inertial regimes approach the intermediate or transition regime that shows a stress scaling γ a with 0 < a < 2. As the name suggests, the flows in the transition regime show mixed characteristics of both elastic flows and inertial flows. This is different from the elastic regime where τ ∝ γ 0 or inertial regime where τ ∝ γ 2 . Classical KT fails to predict the hydrodynamic behavior of granular flows in the transition regime.
Most of the existing KT models are limited to granular flows near the inertial limit. There are primarily three factors that could affect the accuracy of the KT models as flows move away from the inertial limit: the reduced energy dissipation rate due to the existence of velocity correlation for dense granular shear flows, the reduced collision frequency as a result of finite particle contact duration, and the non-dissipative elastic potential energy that is caused by particle collisional deformation. Among these three factors, the first one is the consequence of particle contact inelasticity and the last two stem from the breakdown of instantaneous collision assumption due to the finite stiffness of particles. The velocity correlation factor has been well studied and it is believed to be the main factor that cause the discrepancy between the KT predictions and the DEM simulation results for dense homogeneous shear flows (Chialvo & Sundaresan 2013; Vescovi et al. 2014) . Berzi & Jenkins (2015) studied how the particle contact duration could reduce the collision frequency of soft-sphere granular systems and affect the collisional terms. They also adjusted the granular temperature of homogeneous shear flows to account for velocity correlations. They have shown that for shear flows their model is able to produce results that agree well with the DEM simulation results. However, the effect of particle stiffness to the transfer between the particle kinetic energy and elastic potential energy has not been considered in the existing KT models, though this factor is well known in the DEM simulations (Kondic & Behringer 2004; Shen & Sankaran 2004; Sun et al. 2013) . Duan et al. (2017) have shown that as long as the particle stiffness k is finite, there would be a portion of energy that exists in the form of non-dissipative elastic energy.
In this paper, we develop a soft-sphere KT (SSKT) model that relaxes the instantaneous collision assumption and extends the applicability of the KT to the transition regime between the elastic and inertial regimes without losing significant accuracy. This is achieved by the following two modifications. The first one is to include the particle stiffness by introducing an elastic granular temperature that signifies the amount of elastic potential energy in the system. An analytical solution to the elastic granular temperature is obtained that can be calculated using the ratio of particle collision time and mean flight time, t c /t f , a ratio that is explicitly related to the particle stiffness. As t c /t f increases, there would be a significant amount of energy exists in the form of non-dissipative elastic potential energy, affecting the energy dissipation rate and the bulk behavior of granular flows. The second modification is similar to the one proposed by Berzi & Jenkins (2015) . The constitutive relations are modified to reflect the reduced collision frequency as a result of finite contact duration. However, we use a different correlation for the particle collision frequency that includes the solid volume fraction effect and could be extended to dense flows. The collisional terms such as pressure and shear stress are modified using this new correlation and validated by DEM simulation results. We then apply the SSKT to study the free cooling process and simple shear flows. We find the SSKT model is not only able to explain the discrepancy between DEM results and the classical KT predictions, but also produce results that agree well with the DEM simulation results. Furthermore, instead of constructing a regime map based on the DEM simulation data, we create a new type of regime map based on the ratio of the elastic potential energy to the kinetic fluctuation energy.
The soft-sphere kinetic theory model
The contact duration of two particles is related to the elastic deformation during collisions. For gas-like granular states, kinetic fluctuation energy are frequently described in terms of the kinetic granular temperature, which is defined as the fluctuating part of the kinetic energy, T k ≡< v 2 > /3. Here, v is the local random part of the velocity. Classical KT requires the collision to be instantaneous, therefore no energy can be stored in collisional modes of the particles. It is obvious that the granular temperature T k is the only parameter that measures the energy in the system. However, as the particle stiffness is finite, the energy in the system will be partially stored in a form of elastic potential energy due to particle collisional deformation. This portion of energy cannot be dissipated during collisions; it will eventually affect the bulk behavior of a granular flow. Kondic & Behringer (2004) explored the role of elasticity in the system and used T e to denote the elastic energy. They showed that the elastic energy in a system could be larger than the kinetic fluctuation energy in some cases of high solid volume fraction. They proposed a generalized granular temperature T g , which is the sum of T k and T e to describe the total energy in a system.
It is a common practice that the DEM simulation results are used to verify the accuracy of KT models. In this section, we derive a model based on the LSD scheme in order to calculate the amount of elastic energy in the system. The LSD model is commonly used to calculate the inelastic force between colliding spheres in the DEM simulations. It leads to a constant coefficient of normal restitution. For the collision of two identical frictionless particles, the particle normal interaction during a contact is described as follows:
where m ef f = m/2, m is the mass of the particle, η n is the normal damping coefficient, and ξ is the normal overlap of the two particles. By solving equation (2.1) with the initial conditions of ξ = 0 andξ = V , we have
, V is the normal relative velocity at the point of contact. Given the value of the normal restitution coefficient e, the normal damping coefficient and binary collision duration can then be obtained,
At any given time, the total elastic energy in the system is measured by
here N col is the total number of collision at this specific time, and ξ i is the overlap of i th collision in the system. Similar to the definition of kinetic granular temperature, we define the elastic granular temperature as
where N is the total number of particles in the system. The time averaged square of the normal overlap ξ 2 i during i th collision follows
Here, V i is the normal relative velocity component at the point of contact of i th collision.
As long as there are enough collisions in the system, the sum of ξ 2 i of each collision at any given time could be approximated by the sum of the time averaged value ξ 2 i :
Then we can rewrite equation (2.7) based on equations (2.9 and 2.10)
where
i . According to the KT, for a 3D system the kinetic energy dissipation rate can be found to be
We assume only binary collisions exist in the system. Since collision frequency or the collision probability of each particle t
However, the average kinetic energy change during a collision could also be derived based on the restitution coefficient as follows:
(2.14)
i is the transnational kinetic energy change during a collision. Based on equation (2.13 and 2.14), both expressions on the right shows the energy dissipation per collision, so we can relate the average normal collision velocity V avg to the kinetic granular temperature T k by
By combining equation (2.11) and equation (2.15), the ratio of elastic temperature to kinetic temperature can be written by
To verify equation (2.16), we calculate the value of N T e /N col T k from the DEM simulations. The DEM simulations using the MFiX package (Syamlal et al. 1993) , which is available from the National Energy Technology Laboratory (NETL) were tested. The DEM simulation time step ∆t compared with the particle collision time t c must be sufficiently small in order to resolve the particle collision process. For the present simulations we chose ∆t = t c /50, a practice successfully employed by others (Silbert et al. 2001; Chialvo & Sundaresan 2013; Gu et al. 2016) . Particles were packed into a cubic domain with periodic boundaries. According to equation (2.16), the ratio N T e /N col T k is only related to the particle properties and it is close to 1 if the normal restitution coefficient e → 1. We calculated the ratio from DEM simulations of granular flows with e = 1 at different granular temperatures. Good agreement with the theory was observed as shown in figure 1 .
Since collision is a process that takes t c time to complete. At any given time, the particle is considered in a collision state during a time interval of t c . The probability of a particle involved in collision could be described as p =
f . Therefore, we can rewrite equation (2.16) to
To verify the equation (2.17), DEM simulations were performed to compute the value of T e /T k of the system. Initial particle velocities were given based on the initial granular temperature T g ; the values of T e /T k were calculated along with the time. From figure 2a we can see for a system with particles of finite stiffness or soft particles, our proposed model could predict the ratio of T e to T k that matches the DEM data very well. However, it starts to deteriorate as the portion of elastic energy increases further. This is because the model relies on the velocity profile based on the binary collisions. It is expected that with the increasing portion of non-binary collisions, the proposed theory would become less accurate and the time averaged elastic deformation becomes more complicated. Based on the probability analysis, the binary collision percentage in a system is (Luding & Figure 1 : N T e /N col T k at different initial granular temperature T g in m 2 /s 2 . Simulations were set up in a cubic domain using 2984 particles with periodic boundary conditions. Dots represents the time averaged ratio from the DEM simulations. As we can see in figure 2b , a larger T e /T k results in a larger fraction of non-binary collisions, and therefore reduces the accuracy of our proposed models. This is evidenced in figure 3 . For a DEM simulation with t c /t f = 0.4, the proposed model can still predict the ratio of T e to T k correctly with less than 10% difference compared to the DEM results. In another word, the non-binary collisions which take about 65% of the total collisions in the DEM simulations will cause only 10% difference compared with the ideal case which we assume all collisions are binary.
When it comes to the KT, the single-particle velocity distribution function should be determined by T k instead of T g ; the existence of elastic energy should affect the fluctuation energy dissipation rate since this portion of energy could not be dissipated during collisions, but it could be transformed into the form of kinetic energy at anytime. This introduces one more unknown T k and equation (2.17) has to be used for a closedform constitutive expressions. Moreover, we found with the increase of t c /t f , the actual collision frequency is less than the value predicted by the classical KT.
Equation (2.19) represent the KT prediction of collision frequency for hard sphere systems; it has good agreement with the hard sphere simulation results (Duan et al. 2017 ).
As shown in figure 4 , we find the collision frequency for soft sphere systems decreases along with the increasing of t c /t f . Based on the DEM simulation results, we found the soft sphere collision frequency could be nicely correlated by the following equation:
This expression resembles the correlation f = f KT 1+tc/t f proposed by Berzi & Jenkins (2015) when system is extremely dilute (i.e., φ ≈ 0). Because the collisional stress and collisional fluctuation energy dissipation rate are proportional to the collision frequency, the constitutive relations that are derived for hard spheres should be modified accordingly in order to be used for soft spheres. Based on the expressions of the kinetic theory for hard spheres (Garzó & Dufty 1999; Jenkins & Berzi 2010) , the proposed SSKT model has following constitutive relations:
To validate the proposed SSKT model, we compare the predicted collision frequency with the DEM simulation results. We performed several DEM simulations with different t c /t f at φ = 0.3. We compared our results with the predictions from Berzi & Jenkins (2015) (Note: all collision frequency related terms in their study should be multiplied by a factor 1/(1 + t c /t f ) or [1 + 24φg0 5 (
1/2 ] −1 ). As shown in figure 5a, SSKT could match the reduced collision frequency better as t c /t f increases. In general, the pressure could be divided into two parts, p = p col + p kin , in which p col is related to the collision frequency and p kin is related to the particle kinetic fluctuation. The SSKT predicts that p kin is not affected by the elastic energy and p col varies along with the reduced collision frequency as shown in figure 5b.
In the case of shear flows, the driving forces are converted to granular temperature Berzi & Jenkins (2015) are also plotted for comparison.
through shear work, and heat is dissipated through inelastic collisions. When shear is present, the velocity correlation as a result of the force chain has to be considered (Jenkins 2006 (Jenkins , 2007 . For homogeneous shear flows at steady state without external effect, we can write the kinetic fluctuation energy balance as
Here L is the correlation length which is a function of the solid volume fraction and restitution coefficient. g 0,f is the value of radial distribution function at φ f = 0.49 (Berzi 2014) .
From equation (2.30) we can find that for homogeneous shear flows the effects of particle stiffness on both sides of the equation are cancelled out. The elastic energy would have no impact on the bulk behavior if the flows are at steady state and the energy diffusion is negligible. If we let p hard , τ hard , and T hard be the collisional pressure, shear stress, and kinetic temperature predicted by the classical KT and let p sof t , τ sof t , and T hard be the pressure, shear stress, and kinetic temperature predicted by the SSKT, we have found T sof t /T hard = 1, p sof t /p hard = 1/G, τ sof t /τ hard = 1/G and p sof t /τ sof t = p hard /τ hard . Therefore, the change of particle stiffness of homogeneous shear flows should not change T k and τ /p. This is evidenced in the DEM simulation results by Vescovi & Luding (2016) . Compared with two simple shear DEM simulations at φ = 0.6 with k/ρd 3 γ 2 equals to 10 3 and 10 7 , respectively, the difference between the τ /p values of these two cases is less than 2%; the difference between the T k values of the two cases is less than 11%. However, the difference between the p values of the two cases is as large as 75% and the difference between the τ values of the two cases is 72%. This shows that the particle stiffness has a significant impact on the pressure and shear stress fields of granular shear flows.
3. The effect of particle stiffness on granular flows
Homogeneous cooling cases
In many cases, the contact duration is negligible compared to the collision interval. However, when the collision frequency increases, the collision interval becomes shorter and the contact duration could become comparable to the collision interval. The collision frequency is related to both solid volume fraction and the granular temperature; it increases as solid volume fraction or granular temperature increases, which means that the KT can fail not only in the dense regime, but also in the dilute regime at high granular temperature. The applicability of KT on uniform shear flows has been widely studied, but few studies have focused on the homogeneous cooling cases. As there is no driving force in a free cooling system, the initial granular temperature in the system will decrease due to inelastic collisions. Here we set up a three-dimensional free cooling system of fine particles. The system is dilute with a solid volume fraction φ = 0.2 and particle restitution coefficient e = 0.99. The external force fields are ignored and only the particle energy dissipation is considered. The DEM results are compared with the theoretical predictions of KT. The aim of these simulations is to investigate the validity of SSKT in terms of predicting the energy dissipation rate. The energy dissipation rate of the system equal to the change of total granular temperature T g . According to equation (2.22)
The governing equation for kinetic granular temperature of a free cooling system can be simplified as 3 2
(1−φ) 3 is the radial distribution function for cases with φ < 0.49 (Carnahan & Starling 1969) .
We first run the DEM simulation with low initial granular temperature T o = 2 × 10 −4 m 2 /s 2 and vary particle stiffness k from 10 2 N/m to 10 4 N/m. This also changes the binary collision duration t c . As shown in figure 6a , the KT predictions match the DEM results well when the initial granular temperature is relatively low such that t c /t f < 0.05 at the beginning. During the cooling process, t c /t f is further decreased due to the decay of T k , making the t c negligible. Contrary to the conventional wisdom, we find that the classical KT can fail at low solid volume fractions if the particle collision frequency is sufficiently high (t c /t f > 0.1) as shown in figure 6b in which the initial granular temperature is high. The KT prediction deteriorates because the increase of collision frequency causes the collision interval to decrease, making the collision duration a parameter that can no longer be neglected when compared to the collision interval. Therefore, large t c /t f at the initial stage increases the discrepancy between the predictions of classical KT and the DEM simulation results. As t c /t f increases due to the decrease of particle stiffness k, particles become softer and a significant amount of kinetic energy is converted into non-dissipative elastic energy, resulting in a larger portion of elastic potential energy T e /T k and a lower energy dissipation rate. At the same time, the collision frequency decreases as shown in equation (2.20), and the energy dissipation rate is further reduced. From figure 7a we could see the classical KT can only match the result when t c /f f is very small. On the other hand, the SSKT is able to consider the effect of particle stiffness and provide better predictions even at large t c /t f . In figure 7b , we also plot the results of the Berzi & Jenkins (2015) model for the case with t c /t f = 0.46. Realizing the velocity correlation should have no impact on flows without shear, we find that the energy dissipation rate of the homogeneous cooling flow is mainly affected by the reduced collision frequency and the existence of non-dissipative elastic energy. Since the Berzi & Jenkins model does not consider the effect of elastic potential energy, its prediction cannot match well with the DEM simulations results. On the other hand, by introducing the elastic granular temperature, the SSKT model is able to correctly predict the change of kinetic granular temperature as well as the elastic granular temperature during the cooling process.
Shear flow cases
For granular shear flows, many researchers constructed a regime map to better understand the regime transition using data obtained from the DEM simulations. Campbell (2002) unified the various granular flow theories and filled in the gap between the elastic granular flows and rapid granular flows. In his theory, the ratio of elastic effect to inertial effect is governed by a dimensionless parameter: k/(ρd 3 γ 2 ). Since k/(ρd 3 γ 2 ) ∝ 1/(γt c ) 2 , this ratio can be further interpreted as the square of the ratio of 1/γ, a time scale that is relevant to how quickly particles are drawn together by the shear flow and how quickly the elastic contact forces push the particles apart (Campbell 2006) . A complete flow map for shearing granular materials was presented based on the DEM simulation results as shown in the left column of figure 8. His theory leads to the ironic conclusion that rapid granular flows (i.e., granular flows in the inertial regime) occur at only small shear rates when the solid volume fraction is fixed. He explained that increasing shear rate can compel the formation of force chains at lower concentrations. This phenomenon, on the other hand, could be explained by the proposed SSKT model based on the role of elastic energy; the increasing shear rate could result in high temperature and high collision frequency, making the binary collision time comparable to the contact interval and invalidating the instantaneous collision assumption. The inertial-non-collisional regime on his map is equivalent to the transition regime as we discussed here and it indicates the limit where the KT starts to deteriorate as the elastic effect begins to dominate; the KT will be invalid further as the flow moves into the elastic regime. However, the inertial-noncollisional regime on his regime map was estimated based on the DEM simulation results, and his theory did not provide an analytical method to accurately determine the extent of elastic effect in the transition regime. Sun et al. (2013) analyzed their DEM simulation results and found the ratio of elastic energy to the kinetic energy could be used to determine the granular flow regime. Here we use the ratio T e /T k from equation (2.17) as the parameter to determine the significance of the elastic effect in the inertial regime. For frictional granular systems, we use the modification proposed by Chialvo & Sundaresan (2013) , which includes an effective restitution coefficient, to capture the increased kinetic fluctuation energy dissipation rate due to the particle surface friction.
Based on the DEM simulation results, Campbell (2002) calculated the ratio of averaged contact time from DEM to the theoretical binary collision duration determined by the particle properties, t DEM /t c , to determine if the particle interactions are collisional. If all the collisions are binary, the actual contact time t DEM , must be equal to the binary collision time, t c . However, if the particles are involved in force chains in which particles endure longer contact time, one would expect the ratio t DEM /t c > 1. In theory, the KT is only valid for collisional flows that corresponds to t DEM /t c = 1; any value larger than unity indicates non-binary collisional behaviour and the bulk behaviour would be affected by not only the granular temperature but also the elastic properties of particles. In his work, three lines were added to the regime map, roughly pointing to the places where t DEM /t c falls below 1.5, 1.25, and 1.1, respectively. As the ratio becomes larger, the flow shows more elastic characteristics. A significant departure from the rapid flow behaviour is observed when t DEM /t c = 2 at a solid fraction of 0.57 (Zhang & Campbell 1992 ). Unlike their work in which the regime maps were drawn based on the DEM simulation results, here we quantitatively determine the extent of the elastic effect at the transition from inertial flows to elastic flows on the map based on the ratio of the (Campbell 2002 ) based on DEM simulations (left column) and presented model based on the ratio T e /T k (right column). T e /T k =0.1: blue; T e /T k =0.2: green; T e /T k =0.5: red.
elastic granular temperature to the kinetic granular temperature, T e /T k . Since the ratio T e /T k is proportional to the fraction of multi-body collisions as discussed in the previous section, we expect the elastic granular temperature to be an alternative parameter that measures the elastic effect. As shown in the right column of figure 8, a very similar profile was observed as we change T e /T k from 0.1 to 0.5. This indicates that both T e /T k and t DEM /t c can be used to measure the extent of elastic effect in the system.
We also quantitatively compared our SSKT predictions with the DEM simulation results reported by Vescovi & Luding (2016) . In their work, simulations under uniform shear were conducted for frictionless spheres with k/ρd 3 γ 2 ranging from 10 3 to 10 7 . We choose the cases with k/ρd 3 γ 2 = 10 3 −10 5 so that the elastic potential energy would have large impact on the hydrodynamic fields. The measured kinetic granular temperature is then used as an input to calculate the pressure and the shear stress. As shown in figure  9 , for flows at small solid volume fraction, t c /t f is negligible because collision interval t f is large and both KT and SSKT could match the DEM results well. However, as φ becomes large, t f will decrease and eventually become comparable to t c ; in this case the classical KT over-predicts both pressure and shear stress and the discrepancy between the KT predictions and the DEM results becomes significant. Smaller k results in larger t c /t f and further increases the discrepancy. On the other hand, our SSKT could predict the pressure and shear stress very well compared with the DEM simulation results. We conclude that the inclusion of particle stiffness into the KT model is very important for modeling granular flows away from the inertial limit; the SSKT is able to capture the reduced pressure and shear stress after considering the particle stiffness. The results from Berzi & Jenkins (2015) model are also plotted in figure 9 . It is seen that their model can also predict the pressure and shear stress very well. However, it should be pointed out that they used a fitting contact duration
1 2 in their model in order to match the simulation results of simple shear flows. This is not needed in our SSKT model. Overall, both models show that particle stiffness is very important for modeling granular flows that are away from the inertial limit and pressure and shear stress could be well predicted after considering the effect of particle stiffness on the collision frequency. 
Conclusion
Flow regimes have commonly been used to better understand the hydrodynamic behaviours of different granular flows. The transition between the regimes are observed to be smooth, which suggests that purely elastic or inertial is achieved only at certain limits. The bulk behaviours of granular flows in the inertial regime are the results of particle collisions and the granular temperature is the key parameter to describe the fluctuation component of particle velocities, which is related to the collision frequency. For flows in the inertial regime, the collision can be treated as an instantaneous event and the particle stiffness k would have less impact on the results, so the classical KT can accurately capture the flow behavior and compare well with the DEM simulation results. However, as flows move away from the inertial regime to the transition regime, the particle stiffness becomes critical. In some cases, the collision interval predicted by the KT for granular flows in the transition regime could be comparable to or even smaller than the collision time, which can be interpreted as the enduring contacts between particles. Therefore the bulk behaviours of granular flows in the transition regime have to depend on the elastic properties of particles besides the granular temperature. Clearly, the particle stiffness must be considered for a granular flow when it transits from the inertial regime to the elastic regime where the elastic effect starts to increase. In the present work, we have developed a new KT model that takes the particle stiffness as an input parameter. We name this model as soft-sphere KT (SSKT) model. As a result of a finite particle stiffness, there exists significant amount of elastic deformation between particles in the DEM simulations. This means that part of the kinetic fluctuation energy predicted by the KT exists in the form of elastic potential energy and this form of energy cannot be dissipated during collisions. The present model calculated the amount of elastic potential energy using the LSD model, though the approach itself can be extended to other collision schemes. Our SSKT model shows that elastic energy could significantly change the energy dissipation rate, which is crucial to determine the granular temperature of flows at unsteady state. A correlation to capture the reduced collision frequency due to the elastic effect is also obtained, which could be used to modify pressure and stress and to explain the change of granular flow behavior in the transition regime. This allows us to improve the KT for a wider range of flows that are away from the inertial regime limit. Simulation results of shear flows and homogeneous cooling cases have shown that the proposed SSKT model is able to produce results that are in very good agreement with the DEM results.
